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1. In chemical  engineering, flows of such non-Newtonian fluids as different kinds of pulp, suspensions,  
po lymer  mixtures,  and solutions are  widely used. The flow index n of such fluids can vary between zero  and 
values of o rde r  ten. The equation for a se l f -model ing laminar  boundary layer  is often used in calculating such 
flows. The sc,lutions of this equation are  numerous  and diverse,  and depend crucial ly  on the flow index n and 
on the boundary conditions. Hence, it is of in te res t  to c tass i fy  the solutions of the equation of a self-model ing 
laminar  boundary layer  for a non-Newtonian fluid when the flow index is varied from zero to infinity (in pr in-  
ciple) on the basis  of a qualitative study of the differential equations. The f i rs t  qualitative study of the equation 
for  a plane laminar  boundary Iayer  was car r ied  out in [1] for a Newtonian fluid (n = 1L It was shown that when 
the surface  of a plate is moved in the direct ion opposite to an external flow, the sel f -model ing boundary- layer  
equation ei ther  has no solution o r  has two solutions with different coefficients of fr ict ion,  depending on the r e -  
Iocity of the surface of the plate. This resu l t  was obtained in [2, 31, independently of ill .  In [4, 5] the equation 
for a laminar  boundary layer  was considered for the flow of a non-Newtonian fluid with a flow index in the r e -  
gions 2 > n > 1 and 1 _> n > 0.5. The study of [4] was extended in [6] and spatial localization of the boundary 
layer  for  2 > n > 1 was reported.  

In the presen t  paper  the se l f -model ing flow regime in a laminar  boundary layer  of a non-Newtonian fluid 
is studied in the general  case,  without the res t r i c t ion  to a cer ta in  region of positive values of n. The coor -  
dinates of the singular points, the characteristic numbers determining the types of these singular points, and 
the characteristics of the singular solutions are found as functions of the parameter n. This allows one to 
classify the solutions for values of n which have not yet been considered (n <__ 1/2, n ___ 2), and to refine, to a 
certain degree, the known results. We use the theory of continuous groups, the idea of a two-sheeted phase 
plane joined at infinity [4], and the Poincar4 transformation. In order to analyze in detail the transition of the 
trajectories from one sheet of the phase plane to the other, we consider a sphere, made up of Poincar6 hemi- 
spheres joined in a special way [7], where the hemispheres uniquely correspond to the two sheets. 

2. We consider the equation for a self-modeling laminar boundary layer of a non-Newtonian fluid [8] 

f = ti"l~-~] "" +1"1 = o, ( 2 . ! )  

where the function f(~) is  re lated to the s t r eam function r (x, y) by the express ion  

the se l f -model ing variable is given by 

_I__~_ r 2 - - n  "] 1 

, L ~ ( ~ + ~ ) /  , 

the longitudinM and t r ansve r se  velocities,  and the tangential s t r e s s  are  given by the equations 

1 

(x, ~) = gol '  (n), ,, (z, ,t) = ~ 

Rex = pxnk-aU~ -n,  "~ = k J Ou/Oy I '~-1 Ou/Oy. 

Equation (2.1) admits  a o n e - p a r a m e t e r  group of t ransformat ions  [4] 

Leningrad. Transla ted f rom Zhurnal Prikladnoi  Mekhaniki i Tekhnicheskoi Fiziki, No. 3, pp. 71-81, May- 
June, 1987. Original  a ~ i c l e  submitted April 18, 1987. 

0021-8944/87/2803-0383 $12.50 �9 1987 Plenum Publishing Corporat ion 383 



1 - - 2 n  

.qo = arl, 1o ____ a~-n f, 

and under  t he se  t r a n s f o r m a t i o n s  the t h r e e - f o l d  cont inued in f in i t e s imal  o p e r a t o r  [9] 

�88 0 0 
X = ~ - - ~  +(p + ~  +c~Ol,----v+Bo- F 
3 

s a t i s f i e s  the equat ion 

X F  -~ O. 
3 

We find, us ing  (2.2) 

(2.2) 

~+.___n 3 
1o, __ a n - 2 / , ,  1o,, = a n - S ! . .  (2.3) 

F r o m  (2.2) and (2.3) we have 

_ _  i - ~ n  ---- a ,  - - ,  ~ ---- a ,  / 1 " /  ~ a .  ( 2 . 4 )  

F r o m  the f i r s t  and second  equat ions  of (2.4), and a l so  the  f i r s t  and th i rd ,  we find the  fo l lowing e x p r e s s i o n s  
f o r  the i n v a r i a n t s  when n ~ 0.5 

q = ],111~-2~, p - - . ! " l l l l - ~ ' ~  (2.5) 

with the help of t h e s e  i nva r i an t s  (2.1) r educed  to a p a i r  of f i r s t - o r d e r  equat ions  

dp ~ 3q / sign d,-f = - I ! 12"-1 p ( I p 11-~ + E ~ - i /  ]; (2.6) 

(2.7) 

and to the two q u a d r a t u r e s  

sign / (2n -- i) qdq 
f ~ exp (2n -- t) p -- (n ~- t) q~ sign ! ; (2.8) 

n + l  

= S q l / l l - 2 n d ] .  (2.9) 

The inva r i an t s  p and q cannot  be used  when n = 1 /2 .  In th is  ca se ,  f r o m  the  second  and th i rd  equat ions  of (2.4), 
we obta in  the inva r i an t  

w -- 1" I ! '  I - ' ,  (2.1o) 

and with the  help  of  th is  i nva r i an t  (2.1) can be r e d u c e d  to a p a i r  of  f i r s t - o r d e r  equat ions  

dw _~ _ I ]" i 112 ( / w  + 2w 312 sign ]'); (2.11) 
d~ 

dl l" 1113 l '  I W 1-113 d-~ = I sign . . (2.12) 

The second  va r i ab l e  of  the s y s t e m  (2.11) and (2.12) is f, s ince  a c c o r d i n g  to (2.3), f0 = f  when n = 1 / 2 .  

3. The so lu t ion  of (2.1) f o r  n ~ 1 /2  [with the  help of  (2.6) and (2.7)] can be r e p r e s e n t e d  by t r a j e c t o r i e s  in 
a t w o - s h e e t e d  phase  plane (p, q) whe re  on one shee t  f > 0 and on the o the r  f < 0 [4]. We c o n s i d e r  the s ingu la r  
poin ts  of  the s y s t e m  (2.6) and (2.7) loca ted  within the  f ini te  p a r t  of  the phase  plane.  Equat ing  the  r i gh t -hand  
s ides  of (2.6) and (2.7) to z e r o ,  we find that  on each  shee t  of  the phase  plane,  f o r  n ~ 1 /2 ,  t h e r e  ex i s t  two s i n g -  
u l a r  poin ts  with f ini te  va lues  of  the c oo rd i na t e s .  On the plane f > 0 the s i n g u l a r  poin ts  a r e  ~,  with the c o o r d i n -  
a tes  
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and f~(O, 0), and on the p lane  f < 0 the points  a r e  ~ ' ( - P 0 ,  qQ) and /3'(0, 0). 

L i n e a r i z i n g  (2.6) and (2.7) in the ne ighborhoods  of the poin ts  ~ a n d s ' ,  we obta in  

si n" ~ ( -+ Po ) -  _ %) dP s i g n l ( n - - l )  lP~176  g t ~ ( q  

d---~ 
(+ po)+ 2 ~ sign l p - I po l ~-'~ (q - %) 

(3.1) 

(3.2) 

The c h a r a c t e r i s t i c  n u m b e r s  a r e  found f r o m  the d i s c r i m i n a n t  of  (3.2) 

]if2 
)~12. = sign ] [P011-n n5 6-- i _+_ I Po 11-" (5n~6 1)2 n ~ i (2n --  i) . (3.3) 

It fol lows f r o m  (3.3) that  the s ingu la r  points  ~ and ~ '  a r e  saddle  points  when n < 1/2,  foca l  points  when 0.6 < 
n < 21.4, and nodes  when 0.6 > n > 0.5. The foca l  and nodal points  a re  s tab le  on the  plane f < 0 and uns table  
on the p lane  f > 0. The points  ~ and ~ '  d e s c r i b e  the  so lu t ions  

a-n 2 - - n  A ] ~ - ~  

f o r  n ~ 2. F o r  n = 2 they  d e s c r i b e  the  so lu t ions  

in,a, "~ e t(-~q+A). 

The plus  s ign in t he se  so lu t ions  c o r r e s p o n d s  to the point  ~ ,  and the minus  s ign  to oz'. 

The s i n g u l a r  poin ts  fl and fl' a r e  compl i ca t ed ,  and, as  fo l lows f r o m  c o n s t r u c t i o n s  along the ze ro  i soc l ines ,  
they  a r e  of the  s a d d l e - p o i n t - n o d a l - p o i n t  type.  The s ingu la r  points  ~ and ~ '  (n ~ 1/2) and fl and fi' (n > 1/2) 
a r e  equ i l i b r ium pos i t ions  of the s y s t e m ,  and at t he se  points  the  de r i va t i ve s  p '  = q' = 0. F o r  n < 1 /2  the t r a -  
j e c t o r i e s  on fi~e plane f > 0 c o n v e r g e  t oward  the point  fi with the de r iva t ive  f '  < 0 (q < 0), and d ive rge  f r o m  
the point  fi' on the plane f < 0, a lso  with the de r iva t ive  f' < 0. Since q = 0 at  the poin ts  fi and fl ' ,  we obtain 
tha t  f = 0 at these  points  and the de r i va t i ve s  p'  and q'  a r e  i nde t e rminan t  (0 /0) .  This  m e a n s  tha t  the points  
fl, fl ' cannot  be pos i t ions  of  equ i l ib r ium when n < 1 /2 .  The point  r e p r e s e n t i n g  the s ta te  of the  s y s t e m  does 
not a p p r o a c h  B a sym pt o t i c a l l y ,  but p a s s e s  t h r o u g h  fi, fi ' in going f r o m  one shee t  of the  phase  plane (f > 0) to 
the  o the r  (f < 0). 

We c o n s i d e r  which of  the so lu t ions  of the s y s t e m  (2.6) and (2.7) a r e  s ingu la r .  We divide (2.6) by (2.7) 
(n ~ 1/2) 

3 
dp P ] p II-n -}" ~ qP 
d--~= . . .  n + i  2 = R~ (p' q)" (3.4) 

--  p slgn l-d- ~ q 

The s ingu la r  so lu t ions  a r e  those  c u r v e s  in the (p, q) plane which a r e  so lu t ions  of  (3.4) and a long which the de-  
r iva t ive  8 R 0 / 8  p = ~ [10]. Di f fe ren t i a t ing  R0, we obtain  

~ =  2 n - - t  
Op (q2 n -}- i 2 

- -  p s ign f )  
(3.5) 

It fol lows f ro ra  (3.4) and (3.5) tha t  the s i n g u l a r  solut ion is the s t r a igh t  line p = 0, and only fo r  2 > n > 1. 

In the cage  n = 1 /2  the solut ion of  (2.1) can  be r e p r e s e n t e d  by the t r a j e c t o r i e s  of the s y s t e m  (2.11) and 
(2.12) in the  t w o - s h e e t e d  (w, f) p h a s e  plane.  The two shee t s  c o r r e s p o n d  to pos i t ive  and nega t ive  va lues  of the 
de r iva t ive  ft. It fol lows f r o m  (2.11) and (2.12) tha t  in the f ini te  p a r t  of  the (w, f) phase  plane (for f '  > 0 and 
f o r  f '  < 0) t h e r e  a r e  no s ingu la r  poin ts .  T h e r e  a r e  a l so  no s ingu la r  so lu t ions .  
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4. We c o n s i d e r  the s ingu la r  poin ts  of  the s y s t e m  of  equa t ions  (2.6) and (2.7) which l ie at  infini ty.  
to do th is ,  we p e r f o r m  a f i r s t  P o i n c a r ~  t r a n s f o r m a t i o n  [7] 

q = f /z ,  p = uJz ,  

In t e r m s  of the v a r i a b l e s  u and z,  the  Eqs .  (2.6) and (2,7) take  the f o r m  

In o r d e r  

(4.1) 

) du----~ " ~ % ( - -  uoz --l- an = I l l  %- ~signl - -s ign/ luop-ns ig  nzlzl" ; (4.2) 

s-n n + i  �9 ]) (4.3) 
dn 

The point  z = 0, u 0 = 0 is a s i ngu la r  point  of the s y s t e m  (4.2) and (4.3). It  c o r r e s p o n d s  to two poin ts  B and B t 
of the P o i n c a r 6  sphe re .  These  points  a r e  the  i n t e r s e c t i o n s  of the equa to r  z = 0 and the axis  Q, which goes  ou t -  
ward  f r o m  the  c e n t e r  of  the  s p h e r e  p a r a l l e l  to  the  q axis  (see [7]). In the ne ighborhood  of  the  s i n g u l a r  point  

d u  o _ _  n - -  2 u o  

and t h e r e f o r e  the c h a r a c t e r i s t i c  n u m b e r s  a r e  X 1 = n - 2 and X 2 = n + 1. This  s i n g u l a r  point  is a node f o r  n > 2 
and a saddle  poin t  fo r  n < 2 and the equa to r  i s  a so lu t ion  of the  s y s t e m  (4.2) and (4.3). When n = 2 the s y s t e m  
(4.2) and {4.3) does  not  have s i n g u l a r  points  on the  equa to r ,  and the equa tor  is  not  a solut ion of  these  equat ions .  

We s tudy  the i n t e r s e c t i on  points  of the  equa to r  with the P axis ,  which g o e s  out  f r o m  the c e n t e r  of  the 
s p h e r e  p a r a l l e l  to  the p axis  (points D, D') .  We apply a s econd  P o i n c a r 6  t r a n s f o r m a t i o n  

q = volz, p = t lz .  (4.4) 

In t e r m s  of  the  v a r i a b l e s  v o and z, Eqs .  (2.6) and (2.7) can  be wr i t t en  a s  

2 - - n  

d%dn ---- I / 12n-1 zt--- (Z + 2--~-~-~ i 2  -- n v~ ~ sign ] -{-sign z sign/v o I z I n ); (4.5) 

�9 S u n  

fizz T �9 (4.6) 

The  point  v 0 = 0, z = 0 i s  a s i n g u l a r  point  of  (4.5) and (4.6) f o r  n > 1. In the ne ighborhood  of this  point ,  
neg lec t ing  (for n > 1) in the n u m e r a t o r  of the r i g h t - h a n d  s ide  of  (4.5) t e r m s  h ighe r  than second  o r d e r ,  and i n  
the r i gh t -hand  side of (4.6) t e r m s  h ighe r  than f i r s t  o r d e r ,  we obtain  

2 - - n  s. - 
d% , _  z ~- 2-'~-X--i v o slgn I 
dz 3 (4.7) 

2n " I zvo sign ] 

Af te r  p e r f o r m i n g  the subs t i tu t ion  v = zv~ 2 in (4.7), we find tha t  i t  has  the i n t eg ra l  

I,~_2~ign # l  = c l z l  . (4.s) 

[e is  a cons tan t  of i n t eg ra t ion  (c > 0)]. 

It can  be shown that  (4.8) has  two so lu t ions  in each  of the r e g i o n s  f > 0 and f < 0. We c o n s i d e r  the c a s e  
f > 0. Then  

Iv~ {tlv~ z<0.z>0' 

The  f i r s t  e x p r e s s i o n  ins ide  the c u r l y  b r a c k e t s  ha s  two pos s ib l e  va lues :  

l v ~ - - a l z l ,  v ~ > 2 z ,  Id-21zll--[21~l-~, vg<2~ 
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~ '>0  

. . 
%. 7 - F  

~'>o r  ~<0 

Fig. i 

And thus ,  when z < 0 

When z 

2(2--n) )1/2 
v o =  ~ c l z l  ~ -21zl . 

> 0 t h e r e  a r e  two p o s s i b l e  s o l u t i o n s :  
( ~(2_-n) ~ 1/2 , 

v o = _ / . ~ l = i  ~ + 2 1 ~ 1 )  Zo= ~,~:>2z; 

~,o=_+ 2 l z ' l - c l z l  fo~ V~o< 2z. 

(4.9) 

(4.1o) 

(4.11) 

H o w e v e r ,  the  s o l u t i o n  (4.11) does  no t  o c c u r  in  the  r e a l  p a r t  of  the  c o m p l e x  p l ane ,  s i n c e  when n > 1 the  e x p r e s -  
s i o n  u n d e r  the  r a d i c a l  in  (4.11) is  n e g a t i v e .  H e n c e  t h e r e  e x i s t  two s o l u t i o n s  in the  r e g i o n  f > 0: (4.9) fo r  z < 0 
and (4.10) fo r  z > 0, and v~ > 2z when z > 0. In a s i m i l a r  way  i t  can  be shown tha t  in the  r e g i o n  f < 0 t h e r e  a r e  
two s o l u t i o n s :  (4.10) f o r  z < 0 and (4.9) fo r  z > 0, and ] z ] < v~/2 when z < 0.* G r a p h s  of  the  func t ions  (4.9) 
and (4.10) in  t he  r e g i o n s  f > 0 and f < 0 a r e  shown in F i g .  1 fo r  z > 0 and z < 0. The  d i s t r i b u t i o n  of t r a j e c -  
t o r i e s  in  the  n e i g h b o r h o o d  of the  po in t  v 0 = 0, z = 0 fo r  1 / 2  < n _< 1 has  the  s a m e  f o r m  and can  be d e t e r m i n e d  

by  c o n s t r u c t i n g  the  z e r o  i s o c l i n e s .  

We c o n s i d e r  t he  i n f i n i t e l y  d i s t a n t  p o i n t s  of the  (w, f) p l ane .  At  t h e s e  po in t s  f = ~r and so  t h e r e  a r e  no 
t r a n s i t i o n s  of t r a j e c t o r i e s  f r o m  one s h e e t  of the  p h a s e  p l a n e  to the  o t h e r  (as  f o l l ow s  f r o m  Sec .  3, t h e r e  a r e  no 
s i n g u l a r  p o i n t s  in t he  f in i t e  p o r t i o n  of the  (w, f) p h a s e  p lane ) .  

We introduce a first Poincar6 transformation w = ul/z I, f = i/z t. Then the system (2.11) and (2.12) re- 

duces to the form 

d~,d~l - -  - -  [ fl' I ~(~ ~ (sign l'z~. [ z, 1~12 sign u~ [u~ l 'i2 + u~ + u, l u~ 131~ sign z~ ]z, ['( ~ sign f ) ;  (4.12) 

~=' - z~l I" i '~ sign I'1 =,~- 'I '% d--~ = (4.13) 

It  f o l l ows  f r o m  (4.12) and (4.13) t ha t  the  po in t  z i  = 0, u 1 = 0 i s  s i n g u l a r .  D iv id ing  (4.12) by (4.13) and n e g l e c t i n g  
in  the  n u m e r a t o r  of  t he  r i g h t - h a n d  s i d e  the  r a t i o s  of t e r m s  of h i g h e r  o r d e r  than  3 /2 ,  we f ind the  fo l lowing  e q u a -  
t i on  in t he  n e i g h b o r h o o d  of the  p o i n t  z 1 = 0, u 1 = 0 

d u  1 u u 1/2 I [  I I  �9 z ,  -z-: - -  - -  ,! (4.14) 
d~ 1 ~31 ~111/~ s~gn 1 ,  

which  h a s  t he  i n t e g r a l  

u, = ( v  sis,, j I=, l ~176 + (4.15) 

(K i s  a constaa~t of  i n t e g r a t i o n ) .  F r o m  (4.14) and (4.15) i t  can  be shown tha t  in the  n e i g h b o r h o o d  of t he  s i n g u l a r  
po in t  z 1 = 0, u h = 0, t he  d i s t r i b u t i o n  of t r a j e c t o r i e s  f o r m s  a node .  

*We  no te  t ha t  t he  a u t h o r s  of [6] a p p a r e n t l y  d id  not  r e c o g n i z e  tha t  t he  l e f t - h a n d  s i d e  of  (4.8) i s  an a b s o l u t e  va lue ,  
and t h e r e f o r e  of  the  two s o l u t i o n s  (4.9) and (4.10), t h e y  c o n s i d e r e d  on ly  (4.10). 
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W e  i n t r o d u c e  a s e c o n d  P o i n c a r ~  t r a n s f o r m a t i o n  w = 1 / z  l, f = v l / z  1. 

d~, if" t '~' ,A- (sign I'~.1 "-~ I 'r~ + v~ + 2. , I  z, I ~/' sig~/'); ~ =  

d~._~ = I" 1 I1~ d~ I '(v, + I z, I ~/~ ~ign I ') .  

Then (2.11) and (2.12) t r a n s f o r m  to 

(4.16) 

(4.17) 

The point z 1 = 0, v 1 = 0 is a s ingular  point of the sys t em (4.16) and (4.17). Keeping only the lowes t -o rde r  t e r m s  
on the r ight-hand sides of  (4 .16)  and (4 .17) ,  w e  obtain, in the neighborhood of the point z 1 = 0, v 1 = 0: 

dv-A ---- 2 v~. 
dz I z 1 

F r o m  (4.18) the charac te r i s t i c  numbers  at the s ingular  point are  X i = 2, X2 = 1 and hence the s ingular  point 
z 1 = 0, v 1 = 0 is a node. 

5. The discuss ion of the invar iants  of (2.1) and its s ingular  points in Sees.  2 through 4 has shown that 
there  a re  six in tervals  of the index n with qualitatively different phase d iagrams:  n > 2, n = 2, 2 > n > 1, 
1 >_ n > 1 / 2 ,  n = 1 / 2 ,  n < 1/2.  A set  of t r a j ec to r i e s  is coizstructed in the phase plane by considering the be-  
havior of the t r a j ec to r i e s  in the neighborhoods of the s ingular  points and the intersect ions  of the t r a j ec to r i e s  
with the ze ro  isocl ines.  The question of a t rans i t ion  of the t r a j ec to r i e s  f rom one sheet  of the phase plane to 
the other  through a s ingular  point is resolved by s tar t ing f rom the continuity of the function f and its der ivat ives  
ac ros s  the t ransi t ion,  and the cor respondence  between the solutions and possible flows in the boundary layer .  
Equation (2.1) is invariant  with r e spec t  to the ref lect ion (f, 7/) -* ( - f ,  - 7 ) .  Therefore  each t r a j ec to ry  in the se t  
of t r a j ec to r i e s  obtained for  a given n can be cor re la ted  with the t r a j ec to ry  related to it by a reflection.  Hence 
the set  of t r a j ec to r i e s  for  each value of n can be divided into two sets  whose t r a jec to r ies  a re  related by this 
t ransformat ion .  

Mappings of both sheets  of the phase planes (for the above in tervals  in n) into c i r c l e s  (obtained by means 
of a previous  mapping of the planes onto the lower Poincar6  hemisphere)  are  shown in Fig. 2, where the o r i -  
gins of the coordinate axes p, q and w, f are  taken at the centers  of the c i rc les  (a through d, f, and e), r e spec -  
tively). The axes p and w are  oriented upward, and q and f point to the right.  The shaded c i rc les  denote the 
s ingular  points through which the t r a j ec to r i e s  pass  f rom the c i rc le  f > 0 (f < 0) to the c i rc le  f < 0 (f > 0), while 
the open c i rc les  denote the s ingular  points corresponding to equil ibrium posit ions.  The t ra jec to r ies  belonging 
to the (second) set, obtained after  the t ransformat ion  (f, 7) --* (-f ,  -7] ) are denotedbyputt ing p r imes  on the let-  
t e rs ,  which correspond to a definite t r a j ec to ry  type. For  g rea te r  c lar i ty  in the pass ing of the t r a jec to r ies  
through the t ransi t ion points, pa r t s  of the t r a j ec to r i e s  are  c rossed  by p r imes ,  with an inc rease  in the number  
of p r imes  corresponding to the sequence of passages  of the t r a j ec to r i e s  along the ~/ coordinate.  For  all n 
except n = 2 the outer  c i rcumference  of the c i rc le  is a t r a j ec to ry  of the sys tem.  For  n = 2 each point of the 
c i rcumference  is  a t ransi t ion point (but not a s ingular  point). Using the sys t em of t r a jec to r ies ,  the expres -  
sions for  the invar iants  (2.5)and (2.10), and the defining equation (2.1), one can qualitatively const ruct  for each 
value of n a sys tem of integral  cu rves  f(v)- 

Figure  3 shows the integral  curves  for  different types of t r a j ec to r i e s  belonging to the f i rs t  set  only, since 
with the help of a ref lect ion one can obtain the integral  curves  of the second set  with no difficulty. It is s ig-  
nificant that  in spite of the different paths of the t r a j ec to r i e s  for  different values of n, the corresponding in ,  
tegra l  curves  are  qualitatively close to one another.  Hence they can be denoted by a single symbol.  For  all n 
(except n = 1/2) there  exists the set  of integral  curves  (and t ra jec tor ies )  b, S, c, S 0, a ,  r, which will be called 
the fundamental set  (Figs. 2 and 3). This fundamental set,  as shown in [1] for  the boundary layer  of a New- 
tonian fluid, cor responds  to two different solutions with different fr ict ion coefficients in the flow of a fluid along 
a plate with a negative velocity of the sur face  of the plate. Hence for  the flow of a non-Newtonian fluid with 
any n r 1 / 2 ,  and in par t i cu la r  for the fl0w of a non-Newtonian fluid (n ~ 1/2) along a plate with a surface  moving 
in the direct ion opposite to the external  flow, there  exist  two self-model ing solutions with different coefficients 
of friction. The cr i t ica l  velocity of the surface  of the plate, at which the steady sel f -model ing solution ceases  
to exist, depends weakly on the flow index, increas ing  in absolute value with increas ing  flow index [5]. If n > 
1/2, then in addition to the fundamental set  of solutions, there  exist  the solutions ~, fl, S 1 (Figs. 2a-d; 3b)and 
for 1 < n < 2, there  are  c~, c 2, formed by joining the solutions c, r, r '  (Figs. 2c; 3c), and thei r  ref lect ions.  
For  n < 1/2  there  exist  the solutions 10, lp /is, /12, /lS, ~ and thei r  ref lect ions (Figs. 2f, 3d), in addition to the 
fundamental set  of solutions. It should be noted that the solutions ~ and ~ ' ,  denoted by the same let ter  as the 
equil ibrium position, differ depending on n. In par t icu lar ,  f o ~ )  for  1/2 < n < 2 has a ver t ical  asymptote,  
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whi le  f o r  n _> 2 the  s o l u t i o n s  m o n o t o n i c a l l y  i n c r e a s e  wi th  d e c r e a s i n g  ~ ( c u r v e s  1 -4  of F i g .  3b fo r  n > 2, n = 2, 
1 / 2  < n < 2, n < 1 / 2 ) .  Th i s  m e a n s  t h a t  the  s o l u t i o n s  b, S, c, S I, which  a p p r o a c h  ~ wi th  d e c r e a s i n g  ~/, have  
d i f f e r e n t  a s y m p t o t i c  b e h a v i o r s  of  t h e i r  le f t  b r a n c h e s  fo r  1 / 2  < n < 2 and n >_ 2. As  an  e x a m p l e ,  in  F ig .  3b the  
c u r v e s  1 ' - 3 '  show the  s o l u t i o n  S i f o r  n > 2, n =  2, 1 / 2  < n < 2. The  s i m p l e s t  s e t  os t r a j e c t o r i e s  o c c u r s  in the  
d e g e n e r a t e  c a s e  when  n = i / 2 .  Then  the  i n v a r i a n t s  p,  q b e c o m e  i r r e d u c i b l e  (F ig .  2e). The  c o r r e s p o n d i n g  i n -  
t e g r a l  c u r v e s  a r e  shown in  F i g .  3e .  

The  i n t e g r a l  c u r v e s  of  F i g .  3, depend ing  on t h e i r  s h a p e  and on the  p o s i t i o n  of  the  o r i g i n  of  the  c o o r d i n a t e  
7/ (in the  u p p e r  o r  l o w e r  h a l f - p l a n e ,  on  the  i n c r e a s i n g  o r  d e c r e a s i n g  b r a n c h ,  and so  on) d e s c r i b e  d i f f e r e n t  f lows 
in the  b o u n d a r y  l a y e r :  a s t a t i o n a r y  p l a t e  (S) wi th  i n j e c t i o n  (c I, c, c 2) and e x h a u s t  (b, 11, I l l ,  1~s), a p l a t e  m o v i n g  
in  the  s a m e  d i r e c t i o n  a s  the  e x t e r n a l  flow (c, S 0, a ,  c i, c 2, 111, [i ,  [ I s ,  a l ,  a2) wi th  e x h a u s t  (b, S, c,  S 0, a, c I, c 2, 
a l ,  a2, I l l ,  1, 11, ~Is, 10) and i n j e c t i o n  (111, Z I, [ i s ,  a2, a l ,  c, c I, c 2, 10, S 0, a), a p l a t e  m o v i n g  in  the  o p p o s i t e  d i r e c -  
t i on  to  the  e x t e r n a l  f low (c, c I, c 2, I l l)  wi th  e x h a u s t  (c, ci0, c 2, S, b, Z11, 11, [ is)  and i n j e c t i o n  (c, c I, c 2, ~II), a 
p l a t e  m o v i n g  in  a m e d i u m  a t  r e s t  (~ f o r  1 / 2  < n ~ 2, SI, 112), a p l a t e  mov ing  with  t he  s a m e  v e l o c i t y  a s  the  e x -  
t e r n a l  f low wi th  i n j e c t i o n  and e x h a u s t  (r) ,  a m i x i n g  l a y e r  of  f l ows  with  z e r o  (S 0, a i, a 2) and f in i t e  a s s o c i a t i o n  
(a, a I, a2), a m i x i n g  l a y e r  w h e r e  the  f lows  a r e  in  o p p o s i t e  d i r e c t i o n s  (c 2 when the u p p e r  j o in ing  p o i n t s  of the  s o -  

l u t i ons  r '  and c go to in f in i ty) .  

The s o l u t i o n s  c I and c 2 a r e  p o s s i b l e  f o r  i < n < 2 and d e s c r i b e  t he  p h e n o m e n o n  of l o c a l i z a t i o n  of t he  bound-  
a r y  l a y e r ,  which  was  o b s e r v e d  in  [6] f o r  t he  f low of a d i l a t i n g  f lu id  in  t h i s  i n t e r v a l  of n. 

I t  was  a s s e r t e d  in [11] t ha t  t he  b o u n d a r y  l a y e r  i s  a l s o  l o c a l i z e d  f o r  n > 2. H o w e v e r ,  a s  fo l lows  f r o m  Sec .  
3, the  s o l u t i o n s  r and r '  a r e  not  s i n g u l a r  in  t h i s  c a s e .  T h e r e f o r e  s o l u t i o n  c canno t  be j o ined  with  the  s o l u t i o n s  
r and r '  f o r  f i n i t e  v a l u e s  of  the  v a r i a b l e  ~ and l o c a l i z a t i o n  of the  b o u n d a r y  l a y e r  ca~_uot o c c u r  f o r  n > 2.* 

I t  i s  i m p o r t a n t  to note  tha t  f o r  an equa t ion  of  the  t ype  c o n s i d e r e d  h e r e  ( involv ing  the  a b s o l u t e  va lue  of  a 
func t ion  which  can  change  s ign)  i t  i s  n e c e s s a r y  in  c o n s t r u c t i n g  the  p h a s e  d i a g r a m s  to c o n s i d e r  two P o i n c a r ~  
s p h e r e s ,  c o r r e s p o n d i n g  to t he  two s h e e t s  of  the p h a s e  p l a n e .  The  t r a n s i t i o n  f r o m  one s h e e t  to the  o t h e r  c o r r e -  
s p o n d s  to  the  t r a n s i t i o n  of the  t r a j e c t o r i e s  f r o m  one P o i n c a r ~  s p h e r e  to the  o t h e r  t h r o u g h  the  t r a n s i t i o n a l  
s i n g u l a r  p o i n t s .  It i s  of  i n t e r e s t  to  i n t r o d u c e  a m a n i f o l d  which  would be  un ique  fo r  p o s i t i v e  and n e g a t i v e  v a l u e s  
of  the  func t ion  f. We c o n s i d e r  f lows  wi th  n g r e a t e r  t h a n  o n e - h a l f .  ~ t h i s  c a s e  t he  t r a n s i t i o n a l  s i n g u l a r  p o i n t s  
l i e  on the  e q u a t o r  of the  P o i n c a r ~  s p h e r e .  If  we jo in  two P o i n c a r ~  h e m i s p h e r e s  a long  the  e q u a t o r  ( let  the  u p p e r  
h e m i s p h e r e  c o r r e s p o n d  to f < 0, and the  l o w e r  one to f > 0), t hen  when f c h a n g e s  s i gn  the  t r a j e c t o r i e s  go f r o m  

one h e m i s p h e r e  to the  o t h e r  and be long  to a s i n g l e  m a n i f o l d .  

* The  i n c o r r e c t n e s s  of the  a s s e r t i o n  in  [11] on the l o c a l i z a t i o n  of  the  b o u n d a r y  l a y e r  f o r  n > 2 r e s u l t s  f r o m  the  
f ac t  t ha t  t he  a u t h o r s  of [11] c o n s i d e r e d  the  b e h a v i o r  of  t he  s o l u t i o n s  in the  l i m i t  a s  f" goes  to z e r o .  H o w e v e r  
(2.1) was  not  u sed ,  but an  equa t ion  ob t a ined  by  t r a n s f o r m i n g  i t  wi th  a t r a n s f o r m a t i o n  which  i s  i n c o r r e c t  fo r  n > 2 

and f" ~ 0. 
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The analysis shows that for the set of necessary conditions of the transition indicated in the beginning of 
Sec. 5, it is sufficient to impose a reflection on the upper hemisphere (up to its joining with the lower hemi- 
sphere) with r e s p e c t  to a plane pass ing  through the points B and B' ,  and perpend icu la r  to the equator .  In this  
manifold the double-valued nature  of the co r respondence  between tim points of the Poinear6  sphere  and the 
mapped planes  does not appear ,  and the se t  of solutions comple te ly  reduces  to the solutions r ep re sen ted  in Fig. 
2. The manifolds  for  flow indices  1/2  < n _ 1 and n > 2 a r e  shown in Figs.  4 and 5. 

When n < 1 /2  the t rans i t ion  f r o m  one shee t  of the phase  plane to the o ther  goes  through the or igin  of ~ e  
coordinate  sys t em.  In o r d e r  to have a smooth t rans i t ion  of the t r a j e c t o r i e s  on the sphe re  through this  point i t  
is n e c e s s a r y  to nes t  the lower  Poincar6  h e m i s p h e r e  (corresponding to f > 0) inside the lower  Poincar6  hemi -  
sphe re  cor responding  to f < 0, a f t e r  ro ta t ing  it by 180 ~ 
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